Abstract. We have developed a new set of transport equations for magnetized, fully ionized gases designed to cover the entire regime from collision-dominated to collisionless flow. The equations are based on a skewed bi-Maxwellian velocity distribution function and describe number density, n, flow velocity, u, parallel and perpendicular temperature, T and T ⊥ , and heat flow, q. We choose a velocity distribution function f (v) = f bM (1 + φ) where f bM is a bi-Maxwellian and the 'skewness', φ, is proportional to c 3 instead of the more commonly used φ ∝ c (c ≡ |v − u|). We find transport coefficients (heat flux and thermal force) in the collisiondominated limit that are in good agreement with results from classical transport theory. The equations also describe, reasonably well, the flow of collisionless, ionized gases, and should therefore be well suited to describe the transition region-corona-Q1 solar wind system and other fully ionized, expanding stellar atmospheres.
Introduction
Space plasmas display enormous variability, ranging from the hot, dense plasma of stellar interiors to the tenuous plasma of interstellar space. In many cases the properties in one region may depend crucially on processes taking place far away, where plasma conditions are very different. One example is the solar and stellar winds, in which fundamental properties of the flow far from the star, such as its mass flux, flow speed, and elemental composition, may actually be set by processes taking place deep in the stellar atmosphere. The modelling of physical processes in these systems therefore often requires tools-in the form of equations that describe the transport of particles, momentum, energy, etc.-that must be able to handle a very large span in plasma conditions.
One strategy for developing such tools would be to derive transport equations that are 'tailor-made' for specific plasma conditions-such as one set for flow in a dense, collision-dominated plasma and a different set for tenuous, collisionless plasma conditions-and then somehow 'glue' the different sets together. This scheme has the potential advantage that the different sets may provide an accurate description of the flow in the regimes for which they are tailored. However, the scheme has the disadvantage that the resulting model, and its numerical implementation in particular, may become very complex and unwieldy. An even more serious problem with the scheme is that for many space systems it may not work at all; one may simply not know in advance where the transition from one set of plasma conditions to another will occur, and hence where the different sets of transport equations should be joined. Moreover, the location of this transition may change in time. For instance, the transition from collision-dominated to collisionless flow depends sensitively on temperature (and less sensitively on density), and hence on the energy balance of the system. When this energy balance is the focus of the study, one obviously needs transport equations that automatically handle the transition from collision-dominated to collisionless flow.
For many space plasma systems one therefore needs more general transport equations: equations that may be less accurate than equations tailored to specific plasma conditions, but on that the other hand provide a reasonably good description of plasma processes for a very wide range of plasma conditions. Ideally, such generalized transport equations should also be as simple as possible, thus facilitating their numerical implementation (and also allowing for analytical treatment in certain cases).
This paper presents a new set of such general transport equations, a set that is designed to describe the flow of particles, momentum and energy for fully ionized gases, spanning from dense, collision-dominated regimes to the collisionless flow of magnetized plasma. A particular aim has been to improve the description of the collision-dominated regime while still retaining fairly simple transport coefficients. Although our particular motivation has been to provide better tools for describing the solar wind flow from the chromosphere and into interplanetary space, the set of equations should be applicable to any flow of ionized gases in which the whole range from collision-dominated to collisionless flow needs to be covered.
Transport equations that can be used to describe the solar (and the polar) wind, have been considered by Schunk (1975 Schunk ( , 1977 , St.-Maurice and Schunk (1976) , Demars and Schunk (1979) , Barakat and Schunk (1982) , Zamlutti (1994 Zamlutti ( , 1998 Zamlutti ( , 2001 ) and others. These models are based on a Maxwellian (or bi-Maxwellian) velocity distribution function (VDF), f M , with a correction term, φ; f = f M (1+φ). The correction term is assumed to be linear in the 'peculiar' velocity c ≡ v − u, where v is the particle velocity and u the mean flow velocity of the gas, and it also has a c 3 term. For a nearly isotropic plasma an eight-moment approximation VDF can be used to derive fluid equations (e.g. Schunk, 1977) , whereas for a magnetized plasma with different temperatures parallel and perpendicular to the field Demars and Schunk (1979) developed a 16-moment fluid description. Olsen and Leer (1999) and Li (1999) used a (reduced) 16-moment fluid model to describe an outflow of electrons and protons from the corona, and Lie-Svendsen et al. (2003) used a similar set of equations to describe hydrogen-helium outflow, from the upper chromosphere to the orbit of Earth. These equations allow for different heating of electrons and ions along and across the background magnetic field, as well as direct acceleration of the different species. The most severe shortcomings of this model are that the transport coefficients, in the collision-dominated limit, deviate significantly from classical values. The heat conduction coefficient in the electron gas is a factor 2.5 lower than the value found by Spitzer and Härm (1953) and Braginskii (1965) , and the 'thermal force' on alpha particles, in an electron-proton background, can be a factor 3.5 larger than the value found by Roussel-Dupré (1981) . In model studies where the solar wind is driven by a specified coronal heat input, the 16-moment description may produce too low a transition region pressure, too low an electron density in the inner corona, too low a solar wind mass flux, and too high flow speed. If heavy ions are included in the model, the thermal force in the transition region may produce too large coronal abundances of these ions (see Nakada, 1969) . Killie et al. (2004) therefore developed an eight-moment approximation fluid description of an (almost) isotropic plasma using a VDF f = f M (1+φ), where φ has a term ∝ c 3 and a term ∝ c
5
. The equations are very similar to the eight-moment approximation fluid description developed by Schunk (1977) and others, but the collision terms are different. In the collision-dominated limit the heat conduction coefficient in the electron gas deviates by less than 40% from the values found by Spitzer and Härm (1953) and Braginskii (1965) . The thermal force on helium ions in an electron-proton background deviates by less than 35% from the value given by Roussel-Dupré (1981) .
The equations developed by Killie et al. can be used to study solar wind outflow with no temperature anisotropies (see Hansteen et al. 1997) . However, the observations of the corona made by the Ultraviolet Coronagraph Spectrometer (UVCS) on board the Solar and Heliospheric Observatory (SOHO) satellite imply different ion temperatures parallel and perpendicular to the magnetic field (Kohl et al. 1997; Cranmer et al. 1999; Antonucci et al. 2000; Zangrilli et al. 2002) , thus calling for a hydrodynamic description that allows for temperature anisotropies in the corona and for preferential heating of the perpendicular degree of freedom.
The aim of the present paper is therefore to generalize the transport equations of Killie et al. (2004) to gyrotropic plasmas. As Killie et al. found transport coefficients in good agreement with classical values, we require that the new equations reduce to the equations derived by Killie et al. in the collision-dominated limit with no temperature anisotropy.
Anisotropic plasma using fluid equations was first described by Chew et al. (156) who only considered the collisionless region. Chodura and Pohl (1971) extended the work of Chew et al. to include Coulomb collisions, while Demars and Schunk (1979) considered gases of arbitrary degree of ionization. The method used by Chodura and Pohl (and Demars and Schunk) corresponds to a 16-moment approximation for the species VDF. Here we shall use a nine-moment approximation for the VDF.
Background
To describe transport in a gas one should ideally solve the Boltzmann equation, which describes the temporal and spatial evolution of the velocity distribution function f s (r, v s , t) for each particle species s,
where r and v s are the position and velocity vectors, t is the time, a s is the acceleration acting on a particle of type s, ∇ r and ∇ v are the coordinate and velocity space gradient operators, and (δf s /δt) coll represents the rate of change in f s as a result of collisions.
Instead of solving directly the Boltzmann equation, which is an integrodifferential equation when collisions are included, transport equations for moments of the velocity distribution can be obtained by multiplying (1) by these velocity moments and integrating over v s . Owing to the advection term, ∇ r ·(v s f s ), in (1), the resulting set of equations will be coupled with the equation for the velocity moment of order r involving the moment of order r+1. By multiplying (1) by 1, c s and c s c s (a tensor), where c s ≡ v s −u s is the 'peculiar' velocity and u s the mean flow velocity of the species, the continuity, momentum, and pressure tensor equations are obtained, respectively. These general transport equations, with a s = G + (e s /m s )(E + v s × B), where G is the gravitational acceleration, e s is the particle charge, E is the electric field, and B is the magnetic field, are (e.g. Shkarofsky et al. 1966 )
Here the density n s and mean flow velocity u s are given as
while the unit dyadic tensor I, the pressure tensor P s and the heat flux tensor Q s are defined as
I ≡ e 1 e 1 + e 2 e 2 + e 3 e 3 (7)
where e 1 (r) ≡ e 1 , e 2 (r) ≡ e 2 and e 3 (r) ≡ e 3 form a set of orthogonal unit vectors, and a sum over equal indices is implied in (8) and (9). The collision terms are defined as
The terms (10)-(12) denote the rates of change in the particle density, momentum, and components of the pressure tensor (which contains the thermal energy) due to collisions.
To close the set of coupled equations a form for the VDF has to be assumed. The simplest choice that allows for heat conduction is the eight-moment fluid approximation (see Schunk 1977) ,
Here T s is the temperature, k is Boltzmann's constant, p s = n s kT s is the pressure, q s is the heat flux density, and f iso s is the unperturbed isotropic Maxwellian,
With this choice the pressure tensor becomes diagonal, P s ≡ p s I, so that (4) reduces to one equation for the scalar pressure p s . Similarly, the heat flux vector q s is related to the heat flux tensor through q si = 1 2 Q sijj , and an equation for the heat flux vector is obtained (given by Schunk, 1977) that closes the set of transport equations. Demars and Schunk (1979) generalized the equations by Schunk (1977) to gyrotropic plasmas. They, as well as Chodura and Pohl (1971) , assumed a VDF that is a sum of a bi-Maxwellian f bM s in the local rest frame of the gas (the frame moving at the mean gas velocity u s ), and a small correction term f
The bi-Maxwellian is defined as
where β s⊥ ≡ m s /kT s⊥ and β s ≡ m s /kT s with T s and T s⊥ the temperatures parallel and perpendicular to the magnetic field. Similarly, c s and c s⊥ are the components of the peculiar velocity parallel and perpendicular to the magnetic field, which, for an arbitrary vector V, are given as V ≡ e 3 e 3 · V and V ⊥ ≡ (I − e 3 e 3 ) · V, where the coordinate system is chosen such that e 3 B. The correction term, when leaving out the stress tensor, is
where ρ s = n s m s is the mass density and
are the fluxes of parallel and perpendicular thermal energy. In this approximation the pressure and heat flux tensors in (3) and (4) 
where p s⊥ ≡ n s kT s⊥ and p s ≡ n s kT s are the perpendicular and parallel pressures. For the parallel and perpendicular heat fluxes, Demars and Schunk (1979) arrived at the following transport equations, obtained by multiplying (1) by c 2 s c s and c 2 s⊥ c s /2, respectively, and integrating over c s :
where the higher-order moments µ s and µ ⊥ s after closure can be expressed as a function of lower-order moments,
The corresponding collision terms are complicated and are not listed here (see Demars and Schunk 1979) .
Expanding the VDF about a bi-Maxwellian, instead of a pure Maxwellian, has the advantage that it can accommodate both anisotropic and skewed VDFs, where skewness here means the asymmetry of the VDF with respect to some plane in velocity space (such as the plane normal to the magnetic field) and is proportional to φ. Skewness is important because all flow properties such as the particle flux and the heat flux, are proportional to the skewness. With the choice (15), the resulting transport equations can describe highly anisotropic fluids with little skewness, such as protons and ions in the subsonic solar corona, as well as the skewed VDFs that can develop in the solar wind. By accommodating heat flow, which is essential in many astrophysical plasmas, the resulting equations can also provide a fairly complete 'bookkeeping' of the flow of energy in these systems. Anisotropies are of interest because temperature anisotropies are frequently measured in space plasmas, and they are important diagnostic tools to understand the plasma processes.
In addition, such anisotropies can be important for the dynamics of the plasma; for instance, in an expanding magnetic field the Lorentz force will force anisotropic plasma to flow along the magnetic field in the direction of weakening magnetic field, while no such force is felt by a purely Maxwellian plasma. By basing the expansion on a bi-Maxwellian VDF, the Lorentz force (mirror force) will be automatically included in the resulting fluid equations. The ∇ · Q s term in (4) contains the Lorentz force and leads to a conversion of a high T s⊥ into T s and acceleration of the gas (through the ∇ · P s term in (3)) in an expanding magnetic field geometry, in accordance with the kinetic description of the magnetic mirror force as obtained directly from the Boltzmann equation (1). These equations therefore provide a reasonably accurate description of collisionless flow of fully ionized gases.
However, because the VDF correction term φ s in (17) is essentially first order in c s , these equations do not give an accurate description of the collision-dominated flow of a fully ionized gas. In this limit, with T s ≈ T s⊥ and q s and q s⊥ parallel to the magnetic field, these equations become identical to the eight-moment description of Schunk (1977) . As pointed out in the introduction, and discussed by Killie et al. (2004) , the eight-moment description tends to underestimate the heat conduction coefficient and overestimate the thermal force by a rather large factor.
It would therefore be desirable to have gyrotropic transport equations that combine the good description of collisionless flow offered by the equations of Chodura and Pohl (1971) and Demars and Schunk (1979) with the good description of collision-dominated flow in a fully ionized gas offered by the fluid equations derived by Killie et al. (2004) . The purpose of this paper is to derive such improved gyrotropic transport equations, equations that provide a reasonably accurate description of both collision-dominated and collisionless plasma flow, while still being as simple as possible (particularly the collision terms).
Development of gyrotropic transport equations
The Coulomb collisional cross-section is proportional to |v − v | −4
, where v − v is the relative velocity between colliding particles. One therefore expects the VDF to be isotropic close to the average velocity, since particles with these velocities collide frequently and even out the velocity distribution function. As particles gain larger and larger peculiar velocities they seldom collide, which is reflected in the asymmetry of the VDF for large velocities. Indeed, it can be shown that in a collisiondominated plasma in which electron self-collisions are neglected (corresponding to the limit Z → ∞, where Z is the ion charge) the correction φ to f iso , driven by a temperature gradient or electric field, is of order c 4 .
In ionized gases where Coulomb collisions dominate, the core of the eight-moment VDF (13), as well as the 16-moment VDF correction (17), are too 'skewed' compared with the results obtained, e.g. by Spitzer and Härm (1953) , because the correction is of order c. For a collision-dominated, fully ionized gas, Killie et al. (2004) therefore assumed a velocity distribution function with a smaller skewness in the core, proportional to c 3 ,
to derive hydrodynamic equations.
When generalizing the hydrodynamic equations of Killie et al. to gyrotropic plasmas, we must choose a VDF that accounts for temperature anisotropies as well as heat conduction, but is as simple as possible to work with. We shall base our transport equations on a bi-Maxwellian, in order to describe the collisionless region. In addition, we shall require that the VDF reduces to (26) in the collisiondominated limit when temperature anisotropies vanish (T s = T s⊥ ); thus we can make use of the collision terms derived by Killie et al. without having to go through the arduous task of recalculating collision integrals.
The simplest VDF satisfying these requirements is a skewed bi-Maxwellian velocity distribution function that describes number density, n s , flow speed, u s , parallel and perpendicular temperature, T s and T s⊥ , and heat flow, q s , that has the precise form
Here f bM s is the drifting bi-Maxwellian (16) and c s and c s⊥ are again the components of c s along and perpendicular to B, respectively. The coefficients γ s⊥ and γ s are determined by requiring that u s is the drift velocity, (1/n s ) v s f s dv s = u s , and α s⊥ and α s are found from the relation
Similarly, it can be shown that n s actually represents the density, n s = f s dv s , and that T s⊥ and T s are the perpendicular and parallel temperature moments,
For the isotropic case, T s = T s⊥ , the gyrotropic VDF (27) reduces to the isotropic VDF (26), as required.
Having determined the coefficients α s⊥ , α s , γ s⊥ and γ s , we have closed the hierarchy of transport equations. In addition to the general transport equations (2)-(4), the system is closed by multiplying (1) by 
where the rate of change of heat flux due to collisions is given by the integral
The pressure tensor P s , higher-order pressure tensor µ s , and heat flow tensor Q s are given as Q s = Q s111 e 1 e 1 e 1 + Q s221 (e 1 e 2 e 2 + e 2 e 1 e 2 + e 2 e 2 e 1 ) + Q s331 (e 1 e 3 e 3 + e 3 e 1 e 3 + e 3 e 3 e 1 ) + Q s112 (e 2 e 1 e 1 + e 1 e 2 e 1 + e 1 e 1 e 2 ) + Q s222 e 2 e 2 e 2 + Q s332 (e 2 e 3 e 3 + e 3 e 2 e 3 + e 3 e 3 e 2 )
+ Q s113 (e 3 e 1 e 1 + e 1 e 3 e 1 + e 1 e 1 e 3 ) + Q s223 (e 3 e 2 e 2 + e 2 e 3 e 2 + e 2 e 2 e 3 ) + Q s333 e 3 e 3 e 3 .
The Q sijk ≡ m s c si c sj c sk f s dc s coefficients depend on heat flow along e k and the parallel and perpendicular temperature,
where the temperature dependence is contained in Λ s , Ω s , Θ s , and Φ s ,
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To complete the new set of transport equations we need to specify collision terms for Coulomb collisions. Ionization and recombination processes will not be considered here. The corresponding collision terms can be easily added when needed.
The collision terms resulting from the choice (17) are very complex, even in the limiting case when the correction term φ s is small (implying small heat fluxes) and the drift velocity difference between colliding species is much smaller than their thermal speeds (see Demars and Schunk 1979) . We must expect a similar complexity with the new choice (27). The task of implementing such complex collision terms in a numerical model is time-consuming, difficult, and error-prone, resulting in code that cannot easily be maintained and debugged. Moreover, in one-dimensional problems it is often desirable to use so-called implicit time integration schemes, in order to overcome the time step constraint imposed by the Courant stability criterion (e.g. Press et al. 2001) . Implicit schemes require the calculation of derivatives of the collision terms with respect to all dependent variables, making the task even more arduous. Finally, because these collision terms are applicable only when heat fluxes and flow speeds are small, they can be used only in collision-dominated flows in which we can be assured that these restrictions are met.
For these reasons we shall not go through the elaborate calculation of collision terms consistent with the VDF assumption (27). Instead we propose approximate collision terms, exploiting the fact that our choice for the VDF by construction reduces to the choice (26) in the collision-dominated limit when temperature anisotropies are small. In this limit we can therefore use the collision terms calculated by Killie et al. (2004) instead.
The collision terms δE s /δt in (12), consistent with our VDF assumption, can easily be obtained, however. The terms proportional to the skewness φ s do not contribute (to lowest order in φ s ) to these collision terms, which must therefore be identical to the corresponding collision terms calculated by Chodura and Pohl (1971) and Demars and Schunk (1979) . Making use of these collision terms, the isotropization of the plasma due to collisions will also be included. However, because these collision terms are restricted to flow speed differences that are small compared with thermal speeds, frictional heating, which is a higher order effect, is not accounted for.
We therefore adopt the following collision terms that are applicable when the difference in drift velocity of the colliding particles, u t − u s , is small compared with the (average) thermal velocities of the species (the semi-linear approximation), and when the temperature anisotropy is small compared with the average temperature,
where
Here the Coulomb collision frequency, ν st , is (Schunk, 1977) ν st = 1 3
is the permittivity of vacuum and ln λ accounts for the Debye screening of the electric field. For small temperature differences between species, |T s −T t |ӶT s +T t , the collision terms simplify further,
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with mass factors 
Discussion and summary
If we multiply (22) by 1/2 and add it to (23), and use q s = (q s +2q s⊥ )/2, we obtain an equation that is formally identical to (36). Hence the choice (17), used by Demars and Schunk (1979) , and our choice (28) for the VDF correction lead to transport equations that appear very similar. Moreover, the pressure tensors P s and µ s ≡ µ s + µ s ⊥ have the same form in the two formulations. The similarity is deceptive, however. The heat flux tensors Q s differ, and hence we cannot expect the two formulations to give the same result even for collisionless flow. More importantly, the collision terms differ substantially.
The difference in the collision terms is most easily seen going to the collisiondominated limit with small temperature anisotropies and small temperature differences between species. In this limit, with heat fluxes along the magnetic field, the gyrotropic VDF with the correction term (17) reduces to the eight-moment VDF (13) with collision terms (Schunk, 1977) 
where the mass ratios are now 
The terms proportional to q s and q t in (55) and (61) contain the thermal force, leading to diffusion along the temperature gradient. Comparing (55) and (61) we notice that the new thermal force terms are reduced by factors 1 − 5/7(m t(s) /m 0 ). In a plasma where the heat flux is given, the thermal force on an infinitely heavy ion will therefore be only 2/7 of the force obtained from the 'conventional' collision term (61). The differences in mass factors between (58) and (63) similarly lead to an increase in the electron heat flux in a collision-dominated electron-proton plasma with a given temperature gradient by a factor 2.5. With our new velocity distribution function, where the skewness φ is proportional to c 3 instead of the more commonly used φ ∝ c, we thus find transport coefficients (heat fluxes and thermal forces) in the collision-dominated limit that are in much better agreement with results from classical transport theory. In a collision-dominated electron-proton plasma with a small temperature gradient, the resulting electron heat flux, the thermal force between protons and electrons, and the thermal force on α-particles are off by not more than about 20% from 'exact' results. When the heat flux is given, the departure from exact results is 35% or less (cf. Killie et al. 2004 , Table 1 ).
The two gyrotropic formulations also differ in that the new choice (27) for the VDF reduces to the VDF (26) of Killie et al. (2004) in the limit when T s = T s⊥ , while the choice (17) reduces to the eight-moment VDF (13) only in the limit when q s and q s⊥ are parallel to the magnetic field.
Our motivation for developing this new set of transport equations has been to improve the description of the solar wind outflow from the Sun, from the chromosphere and far out into interplanetary space, and particularly to improve the description of energy flow in the corona. The energy flux deposited in the solar corona is lost as heat flux into the chromosphere-corona transition region and as solar wind energy flux. The inward heat flux may set the pressure in the transition region (Rosner et al. 1978; Withbroe 1988 ) and the electron density in the inner corona. Thus, the inward heat flux may play a significant role in determining the solar wind mass flux and the energy per unit mass (i.e. the asymptotic flow speed) in the solar wind. Moreover, in models with helium (and other ions) the thermal force in the steep transition region may play a role in determining the coronal abundances. The equations presented here should be better suited to describe this system.
The strong heating and expansion of the coronal plasma implies that protons and heavier ions quickly change from being collision-dominated to essentially collisionless, both because densities decrease and because temperatures increase. Since the Coulomb collision frequency (53) is essentially proportional to T −3/2 , the role of collisions depends sensitively on temperature. Our approximate collision terms (46)- (50) should give a reasonable description of collisions in the collision-dominated transition region and lower corona, and in the upper corona and solar wind collisions hardly matter at all. Hence there will be only a small altitude region in which the validity of these collision terms is questionable, and moderate errors in this region should not have a major impact of the large-scale properties of the flow. Studies of the solar wind using the Demars and Schunk model, with the full expressions for the collision terms, indicate that the errors incurred using the simplified collision terms will not be large (Olsen and Leer 1999; Endeve and Leer 2001) .
Electrons, being generally colder than ions in the corona and inner solar wind (Kohl et al. 1999) , can be influenced by collisions over a much larger distance and can even be collision-dominated at 1 AU for sufficiently low temperatures. However, because of the frequent electron-electron collisions in the corona, the electron velocity distribution near the Sun tends to be close to Maxwellian, as shown by kinetic solutions to the Boltzmann equation (Shoub 1983; Lie-Svendsen et al. 1997 . In collisions between electrons and protons (or ions), where only the shape of the electron VDF matters (except for unrealistically high proton temperatures), the collision terms adopted here should therefore still be a good approximation. Even in the solar wind beyond the orbit of Mercury, observations (Pilipp et al. 1987) show electron VDFs that deviate only moderately from a Maxwellian, indicating that our chosen collision terms should still be reasonable for electrons.
For spherically symmetric flow (or flow in a strong radial magnetic field, B = B 0 (r 0 /r) 2 e r ), the new transport equations (33)- (36) takes the form
where r is the radial distance and
has been introduced to simplify the heat flow equation. In these equations we have introduced the flow of parallel and perpendicular thermal motion along the field,
In addition, we have introduced 'mechanical' heating terms, Q sm and Q sm⊥ , which can be used to specify the amount of parallel and perpendicular thermal energy supplied to the gas per unit time and unit volume. In order to reproduce, for example, the SOHO/UVCS observations of high perpendicular proton and oxygen ion temperatures in the solar corona, one would have to choose heating rates such that Q sm⊥ ӷQ sm . Similarly, pushing of the gas caused by wave-particle interactions can be accounted for by the appropriate addition of a momentum addition term in (67) (or (34)). In collisionless, spherically expanding, supersonic flow in the absence of external forces (such as solar wind protons far from the Sun) and without mechanical heating (Q sm = Q sm⊥ = 0), (66)- (70) is consistent with a constant heat flux in the system. The same decrease in T s⊥ with increasing radial distance is also obtained from the 16-moment formulation of Demars and Schunk (1979) .
As discussed in Sec. 2, by basing the fluid description on an expansion about the bi-Maxwellian VDF (16), instead of the isotropic Maxwellian (14), the fluid description can describe the main features of collisionless flow of a fully ionized gas, such as conservation of the first adiabatic invariant. Hence the equations are intended to cover the full expanse of space plasma flow from dense, collisiondominated regimes into essentially collisionless space. In some sense the purpose of the gyrotropic equations developed here, as well as the equations developed by Chodura and Pohl (1971) and Demars and Schunk (1979) , is therefore to obviate, or at least reduce, the need for a fully kinetic description of the flow.
Instead of deriving this fairly complex set of equations-very complex if fully self-consistent collision terms are to be included-why not solve directly the underlying kinetic transport equation (1)? The short answer is that a fully kinetic description of the plasma flow, from collision-dominated to collisionless space and using realistic boundary conditions, is not numerically feasible, neither now nor in any foreseeable future. Although the kinetic transport equation (1) appears deceptively simple, solving it numerically is highly non-trivial. Even without collisions, in fully three-dimensional flow it is a six-dimensional partial differential equation (sevendimensional with time) that will quickly exhaust available computer resources.
With the full nonlinear Boltzmann (or Fokker-Planck) collision term included, it also becomes an integro-differential equation, requiring an integral over velocity space to be evaluated at each phase space point. Furthermore, when discretizing the Boltzmann equation, the time step will be constrained by the Courant stability criterion. For a fully ionized plasma, which is the focus here, the Courant criterion imposes severe limitations on the time integration since the criterion also applies to transport in velocity space: because the cross-section for Coulomb collisions is proportional to |v − v | −4
, the collision frequency in the core of the VDF for cold plasma populations becomes very high, and the maximum allowed time step, which is essentially inversely proportional to the collision frequency, becomes very small. For instance, in the lower transition region of the Sun, with T e ≈ 10 , using (53). In order to describe electrons in the lower transition region one would therefore be limited to time steps of order 10 −6 s, which would preclude any consideration of the solar wind as a whole, for which the transit time from the Sun to Earth is about a factor of 10 12 longer than the Courant time limit. Moreover, in the transition region the skewness of the VDF has to be very small, giving kinetic models difficulty in describing heat conduction in this region. Since this heat conduction is essential for the coronal pressure and the solar wind mass flux, kinetic models cannot easily be used to study the processes controlling the solar wind mass flux.
Even if one restricts oneself to the collisionless solar wind (or any space plasma) flow, which precludes accounting for the coupling of the solar wind to the underlying atmosphere, a fully selfconsistent kinetic model is not feasible. The main problem here is that the electric field, which must be included in any collisionless plasma flow, has to be calculated selfconsistently with the plasma flow. However, the plasma will be quasi neutral, and for conditions in the corona and solar wind this electric field will be set up by a relative difference between the electron and proton densities that will be less than 10 −13
, which would require an extraordinary precision in the kinetic calculation. By contrast, in the fluid picture the electric field can be eliminated from the equations by simply adding the electron and proton momentum equations; once the solution has been obtained the electric field may then easily be obtained from the electron momentum equation.
These severe limitations of the kinetic description of space plasma flow imply that the macroscopic description of, for example, the solar wind flow must be carried out within a fluid description. They also imply that fundamental properties of the solar wind, such as its mass flux, must be understood through a fluid description of the solar wind. Hence the question is not whether we should use a fluid or a kinetic model of the solar wind, but rather will the fluid model we are forced to use provide a sufficiently accurate description of the physical processes that are important for the solar wind. It is with this in mind that the new equations of this paper have been developed.
The fact that a fluid model must be used to describe the corona and solar wind does not imply that kinetic models are not needed. Rather, it means that kinetic models are restricted to the consideration of only certain aspects of the flow that cannot easily be described within the fluid framework, and to testing the assumptions on which the fluid description is based.
Regarding the former of these two uses of kinetic models, a kinetic description must be used, for example, to describe the wave-particle interactions that may be responsible for heating of the coronal plasma, since extraction of energy from an a.c. electric field requires detailed knowledge of the particle VDF. However, even in this case a fluid description is necessary in order to describe how the corona and solar wind respond to this heating process, illustrating that the kinetic and fluid descriptions are complementary.
Regarding the second use of kinetic models, testing fluid models, these have been used to study electron energy flow from the corona into the solar wind, where LieSvendsen et al. (1997) find quite good agreement with fluid models, while Landi and Pantellini (2003) find heat fluxes into the solar wind that are ten times the Spitzer and Härm (1953) value. Kinetic models have also been used to test the validity of classical transport theory (on which fluid models are based) in the solar transition region, showing that fluid models provide an adequate description of these processes (Shoub 1983; Lie-Svendsen et al. 1999 ). Kinetic models have also been used to test how well fluid models describe the transition from collisiondominated to collisionless plasma flow (Leer et al. 1996; Lie-Svendsen and Olsen 1998) , showing that fluid models provide an adequate description of this process in the Earth's topside ionosphere.
In the collisionless region of the flow, wave-particle interactions are (most likely) more important than particle collisions. These processes may not only heat the plasma, as discussed above, but may also redistribute thermal energy between the parallel and perpendicular degrees of freedom, and they may lead to transfer of momentum and energy between the different species. Most of the processes are kinetic in nature, and must be studied using kinetic equations. However, the effects on the macroscopic flow must again be studied in a macroscopic, or fluid, model. Hence it is important to have fluid models that can accommodate such processes. Gyrotropic fluid models have the advantage that they can handle transfer of energy between parallel and perpendicular degrees of freedom; in the gyrotropic formulation kinetic wave-particle processes that couple parallel and perpendicular motion can be accommodated simply by modifying the collision terms in the conservation equations for parallel and perpendicular thermal energy.
The gyrotropic equations developed here have the particular aim of improving the collision-dominated flow regime, by making an ansatz for the VDF, (27) , that better accounts for the effect of Coulomb collisions. In the collisionless regime the new equations are not expected to provide any advantage over the equations developed by Chodura and Pohl (1971) and Demars and Schunk (1979) , except that one heat flow equation has been eliminated. However, the new equations should describe the collisionless flow just as well as do the equations developed by Demars and Schunk (1979) . Hence they may also be used to study the macroscopic effects of, for example, wave-particle interactions in the supersonic, collisionless solar wind.
A kinetic description is also necessary in cases where the precise shape of the VDF is sought. The VDF ansatz on which fluid models are based-such as the eightmoment VDF (13) of Schunk (1977) or the bi-Maxwellian ansatz (15) of Demars and Schunk (1979) or the one assumed in this paper-so severely constrains the shape of the VDF that only crude information about its shape can be extracted from the solution. When, for example, wave-particle interactions dominate in the collisionless solar wind, it is these processes that will determine the detailed shape of the VDF. However, as demonstrated by Lie-Svendsen and Olsen (1998) , even when the gyrotropic fluid description is not capable of accurately describing the shape of the VDF, it still provides a reasonably accurate description of the macroscopic flow properties such as flow speeds and parallel and perpendicular temperatures, and to a lesser extent the flow of heat (which is not well described in the supersonic regime, where heat flow nevertheless plays a small role). In, for example, the collisionless solar wind, the macroscopic parameters are severely constrained by the conservation of momentum, angular momentum, magnetic moment, and energy, which are all accounted for in the gyrotropic fluid equations developed here. Hence, even in a collisionless flow influenced or dominated by wave-particle interactions, these fluid equations must be able to provide a reasonable description of average plasma parameters, with the appropriate adjustment of heating terms and collision frequencies, even if the precise shape of the VDF is not correct.
To summarize, the new transport equations should be well suited to describing magnetized, fully ionized gases over the entire region from collision-dominated to collisionless flow. The velocity distribution function was constructed especially to describe Coulomb collisions better, producing transport coefficients (heat flow coefficients and thermal forces) in better agreement with 'exact' values. In the collisionless limit the density, drift velocity along the magnetic field, parallel and perpendicular temperature, and heat flow along the field display the behaviour expected from the Boltzmann equation.
